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It is my great pleasure and honor to give a talk at the 
colloquium on this special occasion, the “Japan Days”. 

First of all, I would like to express my deepest 
appreciation for supports and encouragements from 
all over the world, in particular from Germany, to the 
peoples in Japan.
We are still struggling against tragedies caused by the 
Earthquake and Tsunami. I however strongly believe 
that we will be able to overcome these difficult 
situations, together with your great help.  
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1. Motivation
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What binds protons and neutrons inside a nuclei ?

p
n

gravity: too weak
Coulomb: repulsive between pp
                no force between nn, np

1935 H. Yukawa 
introduced virtual particles (mesons) to explain the nuclear force

Yukawa potential

V (r) =
g2

4π

e−mπr

r

1949 Nobel prize

New force (nuclear force) ?
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Nuclear force is a basis for understanding ...

• Structure of ordinary and hyper nuclei

• Structure of neutron star 

• Ignition of Type II SuperNova

Λ

Nuclear Forces from Lattice QCD

Chiral  Dynamics 09,  Bern, July 7, 2009

S. Aoki, T. Doi,  T. Inoue,  K. Murano, K. Sasaki  (Univ. Tsukuba)

T. Hatsuda, Y. Ikeda, N. Ishii (Univ. Tokyo)

H. Nemura (Tohoku Univ.)

T. Hatsuda  (Univ. Tokyo)

HAL QCD Collaboration
(Hadrons to Atomic Nuclei Lattice QCD Collaboration)

NN, YN, YY, 3N

forces from LQCD

Neutron

matter

quark

Matter?

Atomic nuclei Neutron starHadrons
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Phenomenological NN potential
(~40 parameters to fit 5000 phase shift data)

IIIIII

One-pion exchangeI

II Multi-pions

III Repulsive core
Jastrow(1951)

Taketani et al.(1951)

Yiukawa(1935)

One-pion exchange
Yukawa (1935)

repulsive
core

Repulsive core
Jastrow  (1951)

...

Multi-pions
Taketani et al.
(1951)

Key features of the Nuclear force 

Modern high precision 
NN forces (90’s-)
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Repulsive core is important

stability of nuclei maximum mass of 
neutron star

explosion of 
type II supernova 

!"#$%&"'(QCD)()*+,(-

./%01%!2345+,678

-

9:23;<!" QCD;<!"

QCD based explanation is needed
Lattice QCD can explain ?

Note:  Pauli principle is not essential for the “RC”.

!"#$%&'()*$+++$(,$(-.)%/0*/$1

1. Matter(nuclei) cannot be stable without the “repulsive core (RC)”.

2. Neutron star & supernova explosion cannot exist without the “RC”. 

3. QCD description should be essential for the “RC”.

4. SU(3) ? (NN ! YN ! YY) ! basis of hypernuclear physics @ J-PARC

23&,/()*,

1. What is the physical origin of the repulsion ?

2. The repulsive core is universal or channel dependent  ?

Note: RC is not related to Pauli principle

+

Origin of RC: “The most fundamental problem in Nuclear physics.”

Nuclear Forces from Lattice QCD

Chiral  Dynamics 09,  Bern, July 7, 2009

S. Aoki, T. Doi,  T. Inoue,  K. Murano, K. Sasaki  (Univ. Tsukuba)

T. Hatsuda, Y. Ikeda, N. Ishii (Univ. Tokyo)

H. Nemura (Tohoku Univ.)

T. Hatsuda  (Univ. Tokyo)

HAL QCD Collaboration
(Hadrons to Atomic Nuclei Lattice QCD Collaboration)

NN, YN, YY, 3N

forces from LQCD

Neutron

matter

quark

Matter?

Atomic nuclei Neutron starHadrons
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Plan of my talk

1. Motivation

2. Strategy in (lattice) QCD to extract “potential”

3. Nuclear potential from lattice QCD

4. More on nuclear potential

5. Hyperon interactions

6. H-dibaryon

7. Conclusion
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2. Strategy in (lattice) QCD 
to extract “potential”

Challenge to Nambu’s statement 

“Even now, it is impossible to completely describe nuclear forces beginning 

with a fundamental equation.  But since we know that nucleons themselves are 
not elementary, this is like asking if one can exactly deduce the characteristics 

of a very complex molecule starting from Schroedinger equation, a practically 
impossible task.” 

Y. Nambu, “Quarks ： Frontiers in Elementary Particle Physics”,  World Scientific  (1985)          
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Definition of “Potential” in (lattice) QCD ?

Takahashi-Doi-Suganuma, AIP Conf.Proc. 842,249(2006)

difficult. Instead, we study the static inter-baryon potential in lattice QCD. To fix

the center of mass of each baryon, we use “heavy-light-light” quark system. Here,

the heavy quark is treated as a static one with infinite mass. Then, the inter-baryon

distance can be clearly defined as the relative distance between two heavy (static)

quarks. For the interpolating field of this heavy-light-light quark baryon, we employ

N(!r, t) ≡ !abcQ
a(!r, t)

[

tqb1(!r, t)C"5q
c
2(!r, t)

]

, with Qa(!r, t) the field for a static quark lo-
cated at (!r, t) and qai (!r, t) the light-quark field. The inter-baryon potential VBB(r) as a
function of the relative distance r ≡ |!r| can be extracted from the temporal correlators,
CBB(!r,T)≡ 〈[N(!0,T )N(!r,T)][N̄(!0,0)N̄(!r,0)]〉, and its limit as limT→#−

1
T
lnCBB(!r,T ).

The correlators can be expressed as the sum of the products of six quark propagators

via the Wick contraction of the quark fields. In particular, the propagator for the static
quarks is expressed as the path-ordered product of the gauge field Pexp(ig

∫

A0(x)dt),
which corresponds to the leading-order propagator in the heavy quark approximation.

As for the light quarks, the flavor content can be controlled by selecting “Feynman

Qqq qqQ

(a)

Qqq qqQ

(b)

Qqq qqQ

(d)

Qqq qqQ

(c)

FIGURE 1. Schematic figures of the Wick contraction.

diagrams”. For example, in the case when all the quarks have different flavors, we omit

the quark-exchange diagrams. (We need only (a) in Fig. 1.) If some pairs of quarks are

identical, we include the corresponding exchange diagram of the two quarks ((b)-(d) in

Fig. 1). In such a way, we can control the flavor content, which is directly connected to

the Pauli-blocking effects among quarks.

Note here that one of quarks is static and even the “light” quarks are rather heavy

as mcurrentu,d & 100 ∼ 250 MeV, which would weaken the Pauli-blocking effects and the

spin-spin interactions proportional to 1/m2const, with mconst the constituent quark mass.
However, taking into account that the short-range interactions between two nucleons are

quite strong, the present setup would be enough to single out the essence of the repulsive

core in the nuclear force.
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FIGURE 2. The inter-baryon potentialVBB(r)−2VB in lattice QCD. Left:All the light-quark flavors are
different. Middle:One pair of quark flavors are identical. Right:Two pairs of quark flavors are identical.

The horizontal axis denotes the inter-baryon distance r.

calculate energy  of Qqq +Qqq as a function of r between 2Q. 
Q:static quark, q: light quark

Q Q
r
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Quenched result

(a)
+(b)+(c)

all

Almost no dependence on r !

Previous attempt

cf. Recent successful result in the strong coupling limit 
(deForcrand-Fromm, PRL104(2010)112005)
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Alternative approach 
Consider “elastic scattering” 

NN → NN NN → NN + others
(NN → NN + π, NN + N̄N, · · ·)

Eth = 2mN + πElastic threshold

• S-matrix below inelastic threshold.  Unitarity gives

• Nambu-Bethe-Salpeter (NBS) Wave function

Quantum Field Theoretical consideration

E = 2
√

k2 + m2
N < EthS = e2iδ

ϕE(r) = �0|N(x + r, 0)N(x, 0)|6q, E�
QCD eigen-state with energy E and #quark =6

N(x) = εabcqa(x)qb(x)qc(x): local operator
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ϕE(r) = eik·r +
∫

d3p

(2π)3
eip·r Ek + Ep

8E2
p

T (p,−p ← k,−k)
p2 − k2 − iε

+ I(r)

off-shell T-matrix

inelastic contribution ∝ O(e−
√

E2
th

−E2|r|)
C.-J.D.Lin et al., NPB69(2001) 467
CP-PACS Coll., PRD71 (2005) 094504

NBS wave function satisfies

Asymptotic behavior r = |r|→∞

ϕl
E(r) −→ Al

sin(kr − lπ/2 + δl(k))
kr

partial wave l = 0, 1, 2, · · ·

δl(k) is the scattering phase shift
interaction

 range

no interaction

LFinite volume
allowed value: k2

n δl(kn)

Lueshcer’s formula
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We define a “non-local  potential”

[εk − H0]ϕE(x) =
∫

d3y U(x,y)ϕE(y) εk =
k2

2µ
H0 =

−∇2

2µ

Full details: Aoki, Hatsuda & Ishii, 
PTP123(2010)89.

Velocity expansion U(x,y) = V (x,∇)δ3(x− y)

V (x,∇) = V0(r) + Vσ(r)(σ1 · σ2) + VT (r)S12 + VLS(r)L · S + O(∇2)

LO LO LO NLO NNLO

tensor operator S12 =
3
r2

(σ1 · x)(σ2 · x) − (σ1 · σ2)

spins

Okubo-Marshak (1958)

We calculate observables such as phase shift and binding energy 
using this approximated potential.

Our proposal 
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3. Nuclear potential from 
lattice QCD
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• well-defined statistical system (finite a and L)
• gauge invariant
• fully non-perturbative

Lattice QCD

x x

Monte-Calro
simulations

L

a

Quenched QCD : neglects creation-anihilation of quark-anitiquak pair
Full QCD : includes creation-anihilation of quark-anitiquak pair

Zoltan’s talk
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NBS wave function from lattice QCD

4-pt Correlation function

It is now clear that there is no unique definition for the NN potential. Ref. [18, 24, 25], however,
criticized that the NBS wave function is not ”the correct wave function for two nucleons” and that its
relation to the correct wave function is given by

ϕW (r) = ZNN(|r|)〈0|T{N0(x + r, 0)N0(x, 0)}|2N, W, s1, s2〉 + · · · (23)

where N0(x, t) is ”a free-field nucleon operator” and the ellipses denotes ”additional contributions from
the tower of states of the same global quantum numbers”. Thus 〈0|T{N0(x+r, 0)N0(x, 0)}|2N,W, s1, s2〉
is considered to be ”the correct wave function”. In this claim it is not clear what is ”a free-field nucleon
operator” in the interacting quantum field theory such as QCD. An asymptotic in or out field operator
may be a candidate. If the asymptotic field is used for N0, however, the potential defined from the
wave function identically vanishes for all r by construction. To be more fundamental, a concept of
”the correct wave function” is doubtful. If some wave function were ”correct”, the potential would be
uniquely defined from it. This clearly contradicts the fact discussed above that the potential is not an
observable and therefore is not unique. This argument shows that the criticism of Ref. [18, 24, 25] is
flawed.

3 Lattice formulation

In this section, we discuss the extraction of the NBS wave function from lattice QCD simulations. For
this purpose, we consider the correlation function on the lattice defined by

F (r, t − t0) = 〈0|T{N(x + r, t)N(x, t)}J (t0)|0〉 (24)

where J (t0) is the source operator which creates two nucleon state and its explicit form will be considered
later. By inserting the complete set and considering the baryon number conservation, we have

F (r, t − t0) = 〈0|T{N(x + r, t)N(x, t)}
∑

n,s1,s2

|2N, Wn, s1, s2〉〈2N, Wn, s1, s2|J (t0)|0〉

=
∑

n,s1,s2

An,s1,s2ϕ
Wn(r)e−Wn(t−t0), An,s1,s2 = 〈2N,Wn, s1, s2|J (0)|0〉. (25)

For a large time separation that (t − t0) → ∞, we have

lim
(t−t0)→∞

F (r, t − t0) = A0ϕ
W0(r)e−W0(t−t0) + O(e−Wn!=0(t−t0)) (26)

where W0 is assumed to be the lowest energy of NN states. Since the source dependent term A0 is just
a multiplicative constant to the NBS wave function ϕW0(r), the potential defined from ϕW0(r) in our
procedure is manifestly source-independent. Therefore the statement that the potential in this scheme
is ”source-dependent” in Ref. [26] is clearly wrong.

In this extraction of the wave function, the ground state saturation for the correlation function F in
eq. (26) is important. In principle, one can achieve this by taking a large t − t0. In practice, however,
F becomes very noisy at large t − t0, so that the extraction of ϕW0 becomes difficult at large t − t0.
Therefore it is crucial to find the region of t where the ground state saturation is approximately satisfied
while the signal is still reasonably good. The choice of the source operator becomes important to have
such a good t-region.

before using the potential in nuclear physics.
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• a=0.137 fm , physical size: (4.4 fm)4 

• 3 quark masses mπ = 370 MeV(2000 conf), mπ = 527 MeV (2000 conf)

mπ = 732 MeV(1000 conf)

The 1st quenched QCD results

Blue Gene/L @ KEK(stop operating in this January)

10 racks,  57.3 TFlops peak

34-48 % of peak performance

4000 hours of 512 Node
(half-rack, 2.87TFlops)
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Two Nucleon system

r

p
n

L :orbital angular momentum

S: spin

Consider L=0, P(parity)=+ spin
1
2
⊗ 1

2
= 1 ⊕ 0

↑↑

↓↓
↑↓ + ↓↑ ↑↓ − ↓↑

2S+1LJ

3S1
1S0
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NN wave function

mπ ! 0.53 GeV
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mπ ! 0.53 GeV

Ishii-Aoki-Hatsuda, PRL90(2007)0022001

E � 0

Qualitative features of NN potential are reproduced !

Central potential Vc(r) from !"(r) at E ~ 0
(m#"=0.53 GeV)   

1S0  ,3S1 

Equal-time BS amplitude

Central potential

(quenched) potentials

LO (effective) central Potential

a=0.137 fm L=4.4fm

V (r;1 S0) = V (I=1)
0 (r) + V (I=1)

σ (r)

V (r;3 S1) = V (I=0)
0 (r) − 3V (I=0)

σ (r)

This paper has been selected as one of 21 papers in
Nature Research Highlights 2007 
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• The potential itself is NOT a physical observable. Therefore it 
depends on the definition of the wave function, in particular, on the 
choice of the nucleon operator N(x). (Scheme-dependence)           
cf. running coupling in QCD

• “good” scheme ?

• good convergence of the derivative expansion for the potential.

•  completely local and energy-independent one is the best and 
must be unique if exists. (Inverse scattering method)

Remarks
[Q1] Scheme/Operator dependence of the potential
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non-locality can be determined order by order in velocity expansion  
( cf. ChPT) 

V (x,∇) = VC(r) + VT (r)S12 + VLS(r)L · S + {VD(r),∇2} + · · ·

K. Murano, N. Ishii, S. Aoki, T. Hatsuda 

mπ ! 0.53 GeVNumerical check in quenched QCD
a=0.137fm

Anti-Periodic B.C.

PoS Lattice2009 (2009)126.

[Q2] Energy dependence of the potential

Non-local, E-independent Local, E-dependent

VE(x)ϕE(x) =
(

E +
∇2

2m

)
ϕE(x)

(
E +

∇2

2m

)
ϕE(x) =

∫
d3y U(x,y)ϕE(y)
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●     PBC    (E～0 MeV)         　                     ●　APBC  (E～46 MeV)
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E-dependence of the local potential 
turns out to be very small at low 
energy in our choice of wave function.

mπ ! 0.53 GeV
a=0.137fm

Quenched QCD

(16)

)(
)()()( 0

x
xHErV

E

E
C

good scheme ?

2011年4月24日日曜日



4. More on nuclear potential
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Tensor potential

“projection” to L=0

“projection” to L=2

mixing between         and          through the tensor force3S1
3D1

3S1

3D1

(H0 + VC(r) + VT (r)S12)ψ(r; 1+) = Eψ(r; 1+)

ψ(r; 1+) = Pψ(r; 1+) + Qψ(r; 1+)

Pψαβ(r; 1+) = P (A1)ψαβ(r; 1+)
Qψαβ(r; 1+) = (1 − P (A1))ψαβ(r; 1+)

H0[Pψ](r) + VC(r)[Pψ](r) + VT (r)[PS12ψ](r) = E[Pψ](r)
H0[Qψ](r) + VC(r)[Qψ](r) + VT (r)[QS12ψ](r) = E[Qψ](r)

J=1, S=1
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Figure 4: The central potentials for the spin-singlet channel from the orbital A+
1 representation at three

different pion masses in quenched QCD. Taken from Ref. [17].
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3S13D1
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Figure 5: (Left) (α, β) = (2, 1) components of the orbital A+
1 and non-A+

1 wave functions from JP = T+
1

(and Jz = Sz = 0) states at mπ ! 529 MeV. (Right) The same wave functions but the spherical
harmonics components are removed from the non-A+

1 part. Taken from Ref. [17].

4.2 Tensor potential

In Fig. 5(Left), we show the A1 and non-A1 components of the NBS wave function obtained from the
JP = T+

1 (and Jz = Sz = 0) states at mπ ! 529 MeV, according to eqs. (37) and (38). The A1 wave
function is mulitvalued as a function of r due to its angular dependence. For example, (α, β) = (2, 1)
spin component of the L = 2 part of the non-A1 wave function is proportional to the spherical harmonics
Y20(θ, φ) ∝ 3 cos2 θ−1. Fig. 5(Right) shows non-A1 component divided by Y20(θ,φ). It is clear that the
multivaluedness is mostly removed, showing that the non-A1 component is dominated by the D (L = 2)
state.

Shown in Fig. 6 (Left) are the central potential VC(r)(1,0) and tensor potential VT (r) together with
effective central potential V eff

C (r)(1,0), at the leading order of the velocity expansion as given in eqs. (39),
(40) and (42), respectively.

Note that V eff
C (r) contains the effect of VT (r) implicitly as higher order effects through the process

such as 3S1 → 3D1 → 3S1. At the physical pion mass, V eff
C (r) is expected to obtain sufficient attraction

from the tensor potential, which causes an appearance of bound deuteron in the spin-triplet (and flavor-

16

divided by Y20(θ, φ)

multi-value single-value

Wave functions

Quenched

Aoki, Hatsuda, Ishii, PTP 123 (2010)89
arXiv:0909.5585

L=2

L=0
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• no repulsive core in the tensor potential.

•  the central potential is roughly equal to 
the effective central potential.

• the tensor potential is still small.
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Quark mass
dependence

• the tensor potential increases as the pion mass decreases.

• manifestation of one-pion-exchange ?

• the fit below works well.
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Figure 6: (Left) The central potential VC(r)(1,0) and the tensor potential VT (r) obtained from the
JP = T+

1 NBS wave function, together with the effective central potential V eff
C (r)(1,0), at mπ ! 529

MeV. (Right) Pion mass dependence of the tensor potential. The lines are the four-parameter fit using
one-pion-exchange + one-rho-exchange with Gaussian form factor. Taken from Ref. [17].

singlet) channel while an absence of the bound dineutron in the spin-singlet (and flavor-triplet) channel.
The difference between VC(r)(1,0) and V eff

C (r) in Fig. 6 (Left) is still small in this quenched simulation
due to relatively large pion mass. This is also consistent with the small scattering length in the previous
subsection.

The tensor potential in Fig. 6 (Left) is negative for the whole range of r within statistical errors
and has a minimum around 0.4 fm. If the tensor potential receives a significant contribution from the
one-pion exchange as expected from the meson theory, VT (r) is rather sensitive to the change of the pion
mass. As shown in Fig. 6 (Right), it is indeed the case: Attraction of VT (r) is substantially enhanced
as the pion mass decreases.

The central and tensor potentials obtained from lattice QCD are given at discrete data points. For
practical applications to nuclear physics, however, it is more convenient to parameterize the lattice
results by known functions. We have tried such a fit for VT (r) using the form of the one-pion-exchange
+ one-rho-exchange with Gaussian form factors:

VT (r) = b1(1 − e−b2r2
)2

(

1 +
3

mρr
+

3

(mρr)2

)
e−mρr

r
+ b3(1 − e−b4r2

)2

(

1 +
3

mπr
+

3

(mπr)2

)
e−mπr

r
,

(45)

where b1,2,3,4 are the fitting parameters while mπ (mρ) is taken to be the pion mass (the rho meson
mass) calculated at each pion mass. The fit line for each pion mass is drawn in Fig. 6 (Right). It may
be worth mentioning that the pion-nucleon coupling constant extracted from the parameter b3 in the
case of the lightest pion mass (mπ = 380 MeV) gives g2

πN/(4π) = 12.1(2.7), which is encouragingly close
to the empirical value.

4.3 Convergence of the velocity expansion

The potentials are derived so far at the leading order of the velocity expansion. It is therefore important
to investigate the convergence of the velocity expansion: How good is the leading order approximation
? How small are higher order contributions ? If the non-locality of the NN potentials were absent, the
leading order approximation for the potentials would give exact results at all energies. The non-locality
of the potentials therefore becomes manifest in the energy dependence of the potentials.
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Full QCD Calculation
PACS-CS gauge configurations(2+1 flavors)
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• both repulsive core at short distance and the tensor potential are 
enhanced in full QCD.

• the attraction at medium distance is shifted to outer region, while the 
magnitude remains almost unchanged.

• these differences may be caused by dynamical quark effects.

• a more controlled comparison is needed.
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Figure 8: (Left) The spin-triplet central potential VC(r)(1,0) obtained from the orbital A+
1 −T+

2 coupled
channel in quenched QCD at mπ " 529 MeV. (Right) The tensor potential VT (r) from the orbital
A+

1 − T+
2 coupled channel. For these two figures, symbols are same as in Fig. 7(Left). Taken from

Ref. [30].
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Figure 9: (Left) 2+1 flavor QCD results for the central potential and tensor potentials at mπ " 701
MeV. (Right) Quenched results for the same potentials at mπ " 731 MeV. Taken from Ref. [33].

4.4 Full QCD results

Needless to say, it is important to repeat calculations of NN potentials in full QCD on larger volumes
at lighter pion masses. The PACS-CS collaboration is performing 2 + 1 flavor QD simulations, which
cover the physical pion mass[31, 32]. Gauge configurations are generated with the Iwasaki gauge action
and non-perturbatively O(a)-improved Wilson quark action on a 323 × 64 lattice. The lattice spacing a
is determined from mπ, mK and mΩ as a " 0.091 fm, leading to L " 2.9 fm. Three ensembles of gauge
configurations are used to calculate NN potentials at (mπ,mN) "(701 MeV, 1583 MeV), (570 MeV,
1412 MeV) and (411 MeV,1215 MeV )[33] .

Fig. 9(Left) shows the NN local potentials obtained from the PACS-CS configurations at E " 0
and mπ = 701 MeV, which is compared with the previous quenched results at comparable pion mass
mπ " 731 MeV but at a " 0.137 fm, given in Fig. 9(Right). Both the repulsive core at short distance
and the tensor potential become significantly enhanced in full QCD. The attraction at medium distance
tends to be shifted to outer region, while its magnitude remains almost unchanged. These differences
may be caused by dynamical quark effects. For more definite conclusion on this point, a more controlled
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full QCD quenched QCD

a ! 0.091 fm a ! 0.137 fmL ! 2.9 fm L ! 4.4 fm
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   Phase shift from V(r)  in full QCD  

1S0

1S0

3S1

3S1

a=0.1 fm, L=2.9 fm

attraction
attraction

repulsion
repulsion

2011年4月24日日曜日



(31)(31)

1S0
3S1

They have reasonable shapes. The strength is much weaker, though.

calculation at physical quark mass is important. (future work)
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5. Hyperon interactions 

Hyperon: 
Baryon (3 quark state) which contains one or more strange quarks.

p = (uud), n = (udd) nucleon(N)

Σ+ = (uus),Σ0 = (uds)I=1,Σ− = (dds)

Λ = (uds)I=0

Ξ0 = (udd),Ξ− = (dds)
hyperon(Y)

u

d
s
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Octet Baryon interactions 

!"#$%&'()*+,-.'!,/,01'

• no phase shift available for  
  YN and YY scattering
• plenty of hyper-nucleus data will be
  soon available at J-PARC

• prediction from lattice QCD  
• difference between NN and YN ?

Λ Λ Λ

also in GSI
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Octet Baryon interactions 

!"#$%&'()*+,-.'!,/,01'

• no phase shift available for  
  YN and YY scattering
• plenty of hyper-nucleus data will be
  soon available at J-PARC

• prediction from lattice QCD  
• difference between NN and YN ?

Λ Λ Λ

also in GSI
damaged by the Earthquake
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3D Nuclear chart

3 known

~3000 known

40 known

!"#$%&'&()#*+,-./0#,1/02
3&456789:9;#3/</* =>>?&

2D (N-Z) Nuclear Chart  
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Baryon-Baryon interactions in an SU(3) symmetric world

1. First setup to predict YN, YY interactions not accessible in exp.
2. Origin of the repulsive core (universal or not)
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BB interactions
in a SU(3) symmetric world x

Six independent potentials in flavor-basis 

1. First step to predict YN, YY interactions not accessible in exp. 
2. Origin of the repulsive core (universal or not) 

6 independent potential in flavor-basis

BB interactions
in a SU(3) symmetric world x

Six independent potentials in flavor-basis 

1. First step to predict YN, YY interactions not accessible in exp. 
2. Origin of the repulsive core (universal or not) 

BB interactions
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Six independent potentials in flavor-basis 

1. First step to predict YN, YY interactions not accessible in exp. 
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mu = md = ms
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Potentials in full QCD
a=0.12 fm, L=2 fm

Inoue et al. (HAL QCD Coll.), PTP124(2010)591 
BG/L@KEK
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flavor multiplet baryon pair (isospin)
27 {NN}(I=1), {NΣ}(I=3/2), {ΣΣ}(I=2),

{ΣΞ}(I=3/2), {ΞΞ}(I=1)
8s none
1 none

10∗ [NN](I=0), [ΣΞ](I=3/2)
10 [NΣ](I=3/2), [ΞΞ](I=0)
8a [NΞ](I=0)

Table 5: Baryon pairs in an irreducible flavor SU(3) representation, where {BB′} and [BB′] denotes
BB′ + B′B and BB′ − B′B, respectively.

respectively. Both have a repulsive core at short distance with an attractive pocket around 0.6 fm. These
qualtative features are consistent with the previous results found for the NN potential in both quenched
and full QCD. The upper-right panel of Fig. 16 shows that V (10)(r) has a stronger repulsive core and
a weaker attractive pocket than V (27,10)(r). Furthermore V (8s)(r) in the upper-left panel of Fig. 16 has
a very strong repulsive core among all 6 channels, while V (8a(r) in the lower-right panel has a very
weak repulsive core. In contrast to all other cases, V (1)(r) shows attraction instead of repulsion at all
distances, as shown in the lower-left panel.

Above features are consistent with what has been observed in phenomenological quark model[44]. In
particular, the potential in the 8s channel in quark model becomes strongly repulsive at short distance
since the six quarks cannot occupy the same orbital state due to the Pauli exclusion for quarks. On
the other hand, the potential in the 1 channel does not suffer from the quark Pauli exclusion and can
become attractive due to the short-range gluon exchange. Such agreements between the lattice data
and the phenomenological model suggest that the quark Pauli exclusion plays an essential role for the
repulsive core in BB systems.

The BB potentials in the baryon basis can be obtained from those in the SU(3) basis by the unitary
rotation as

Vij(r) =
∑

X

UiXV (X)(r)U †
Xj (52)

where U is an unitary matrix which rotate the flavor basis |X〉 to baryon basis |i〉, i.e. |i〉 = UiX |X〉.
The explicit forms of the unitary matrix U in terms of the CG coefficients are given in Appendix B.

In Fig. 17, as characteristic examples, let us show the spin-singlet potentials for S=−2, I=0 channel
determined from the orbital A+

1 representation at mπ = 835 MeV. To obtain Vij(r), the potentials in
the SU(3) basis are fitted by the following form with five parameters b1,2,3,4,5,

V (r) = b1e
−b2 r2

+ b3(1 − e−b4 r2
)

(
e−b5 r

r

)2

. (53)

Then the right hand side of Eq. (52) is used to obtain the potentials in the baryon basis. The left panel
of Fig. 17 shows the diagonal part of the potentials. The strong repulsion in the 8s channel is reflected
most in the ΣΣ(I=0) potential due to its largest CG coefficient among three channels. The strong
attraction in the 1 channel is reflected most in the NΞ(I=0) potential due to its largest CG coefficient.
Nevertheless, all three diagonal potentials have repulsive core originating from the 8s component. The
right panel of Fig. 17 shows the off-diagonal part of the potentials which are comparable in magnitude
to the diagonal ones. Since the off-diagonal parts are not negligible in the baryon basis, full coupled
channel analysis is necessary to study observables. A similar situation holds even in (2+1)-flavors where
the strange quark is heavier than up and down quarks: The SU(3) basis with approximately diagonal

26

27, 10*: same behaviors 
as NN potentials
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• attraction appeared in flavor-singlet channel can not be easily seen due to the strong 
repulsion in 8s channel. ΣΣ is the most repulsive due to the large coupling to 8s.

• NΞ has the strong attraction due to the large coupling to the singlet.

• off-diagonal parts are comparable to diagonal parts in magnitude.

• full matrix is needed.

• “physics” can be easily seen in the “flavor” basis. 
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Figure 17: BB potentials in baryon basis for S=−2, I=0, 1S0 sector. Three diagonal(off-diagonal)
potentials are shown in left(right) panel. Taken from Ref. [43].

potentials is useful for obtaining essential features of the BB interactions, while the baryon basis with
substantial magnitude of the off-diagonal potentials is necessary for practical applications.

Other potentials in baryon basis are given in Ref. [43]. Since the 8s state does not couple to the
spin-triplet channel, the repulsive cores in the spin-triplet channel are relatively small. The off-diagonal
potentials are not generally small: For example, the NΛ-NΣ potential in the spin-triplet channel
is comparable in magnitude at short distances with the diagonal NΛ-NΛ and NΣ-NΣ potentials.
Although all quark masses of 3 flavors are degenerate and rather heavy in these simulations, the coupled
channel potentials in the baryon basis may give useful hints for the behavior of hyperons (Λ, Σ and Ξ)
in hyper-nuclei and in neutron stars [45, 46].

The flavor singlet channel has attraction for all distances, which might produce the bound state, the
H-dibaryon, in this channel. The present data, however, are not sufficient to make a definite conclusion
on the H-dibaryon, since the single lattice with small extension L " 2 fm is employed. In order to
investigate whether the H-dibaryon exists or not in the flavor SU(3) limit, data on several different
volumes are needed. Such a study on the H-dibaryon will be discussed in Sec. 7.

In order to extend the study in the flavor SU(3) limit to the real world where the strange quark is
much heavier than light quarks, the potential method used so far has to be extended to more general
cases, which will also be considered in Sec. 7.

6 Origin of repulsive core

As seen in the previous sections, lattice QCD calculations show that the NN potential defined through
the NBS wave function has not only the attraction at medium to long distance that has long been
well understood in terms of pion and other heavier meson exchanges, but also a characteristic repulsive
core at short distance, whose origin is still theoretically unclear. Furthermore, the BB potentials in the
flavor SU(3) limit show several different behaviors at short distance: some has stronger/weaker repulsive
core than NN while the singlet has the attractive core. In this section, recent attempts [47, 48, 49] to
theoretically understand the short distance behavior of the potential in terms of the operator product
expansion (OPE) is explained.
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Potential matrix in “particle basis” (S=-2, I=0, spin-singlet)

diagonal

off-diagonal

flavor multiplet baryon pair (isospin)
27 {NN}(I=1), {NΣ}(I=3/2), {ΣΣ}(I=2),

{ΣΞ}(I=3/2), {ΞΞ}(I=1)
8s none
1 none

10∗ [NN](I=0), [ΣΞ](I=3/2)
10 [NΣ](I=3/2), [ΞΞ](I=0)
8a [NΞ](I=0)

Table 5: Baryon pairs in an irreducible flavor SU(3) representation, where {BB′} and [BB′] denotes
BB′ + B′B and BB′ − B′B, respectively.

respectively. Both have a repulsive core at short distance with an attractive pocket around 0.6 fm. These
qualtative features are consistent with the previous results found for the NN potential in both quenched
and full QCD. The upper-right panel of Fig. 16 shows that V (10)(r) has a stronger repulsive core and
a weaker attractive pocket than V (27,10)(r). Furthermore V (8s)(r) in the upper-left panel of Fig. 16 has
a very strong repulsive core among all 6 channels, while V (8a(r) in the lower-right panel has a very
weak repulsive core. In contrast to all other cases, V (1)(r) shows attraction instead of repulsion at all
distances, as shown in the lower-left panel.

Above features are consistent with what has been observed in phenomenological quark model[44]. In
particular, the potential in the 8s channel in quark model becomes strongly repulsive at short distance
since the six quarks cannot occupy the same orbital state due to the Pauli exclusion for quarks. On
the other hand, the potential in the 1 channel does not suffer from the quark Pauli exclusion and can
become attractive due to the short-range gluon exchange. Such agreements between the lattice data
and the phenomenological model suggest that the quark Pauli exclusion plays an essential role for the
repulsive core in BB systems.

The BB potentials in the baryon basis can be obtained from those in the SU(3) basis by the unitary
rotation as

Vij(r) =
∑

X

UiXV (X)(r)U †
Xj (52)

where U is an unitary matrix which rotate the flavor basis |X〉 to baryon basis |i〉, i.e. |i〉 = UiX |X〉.
The explicit forms of the unitary matrix U in terms of the CG coefficients are given in Appendix B.

In Fig. 17, as characteristic examples, let us show the spin-singlet potentials for S=−2, I=0 channel
determined from the orbital A+

1 representation at mπ = 835 MeV. To obtain Vij(r), the potentials in
the SU(3) basis are fitted by the following form with five parameters b1,2,3,4,5,

V (r) = b1e
−b2 r2

+ b3(1 − e−b4 r2
)

(
e−b5 r

r

)2

. (53)

Then the right hand side of Eq. (52) is used to obtain the potentials in the baryon basis. The left panel
of Fig. 17 shows the diagonal part of the potentials. The strong repulsion in the 8s channel is reflected
most in the ΣΣ(I=0) potential due to its largest CG coefficient among three channels. The strong
attraction in the 1 channel is reflected most in the NΞ(I=0) potential due to its largest CG coefficient.
Nevertheless, all three diagonal potentials have repulsive core originating from the 8s component. The
right panel of Fig. 17 shows the off-diagonal part of the potentials which are comparable in magnitude
to the diagonal ones. Since the off-diagonal parts are not negligible in the baryon basis, full coupled
channel analysis is necessary to study observables. A similar situation holds even in (2+1)-flavors where
the strange quark is heavier than up and down quarks: The SU(3) basis with approximately diagonal
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particle flavor
3. S=−2, I=0, spin-singlet.
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4. S=−2, I=1, spin-singlet.
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5. S=−2, I=1, spin-triplet.
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6. S=−3, I=1/2, spin-singlet.
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7. S=−3, I=1/2, spin-triplet.
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6. H-dibaryons

H-dibaryon:  
a possible six quark state(uuddss) 

predicted by the model but not observed yet.

u d s

U d s
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Bound H dibaryon in flavor SU(3) limit

volume dependence 
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L=3 fm is enough for the potential.

HAL QCD: Inoue et al., Phys. Rev. Lett. 106(2011) 162002
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V (r) = a1e
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solve Schroedinger equation with this potential in the infinite volume.

One bound state (H-dibaryon) exists !
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SU(3) limit Real world

ΛΛ − NΞ − ΣΣ

H

2386 MeV

30-40 MeV

ΣΣ

NΞ

ΛΛ

2257 MeV

2232 MeV

25 MeV

129 MeV

H ?

H ?

Real world ?
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7. Conclusions 

• the potential method is new but very useful to investigate 
baryon interactions in (lattice) QCD.

• the method can be easily also applied to meson-baryon and 
meson-meson interactions.

• three body force can be analyzed.

• various extensions of the method will be looked for.  
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Three nucleon force (TNF)
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Triton(I = 1/2, JP = 1/2+)
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Figure 24: (Left) The wave function with linear setup in the triton channel. Red, blue, brown points
correspond to ϕS, ϕM , ϕ3D1 , respectively. (Right) The scalar/isoscalar TNF in the triton channel,
plotted against the distance r = |r12/2| in the linear setup. Taken from Ref. [58].

the TNF can be extracted unambiguously in this channel, without the information of parity-odd 2N
potentials.

Same gauge configurations used for the effective 2N potential study are employed in the numerical
simulations. Fig. 24(Left) gives each wave function of ϕS = 1√

2
(−ψ1S0 +ψ3S1), ϕM ≡ 1√

2
(+ψ1S0 +ψ3S1),

ψ3D1 as a function of r = |r12/2| in the triton channel at t − t0 = 8. Among three ϕS dominates the
wave function, since ϕS contains the component for which all three nucleons are in S-wave.

By subtracting the V2N from the total potentials in the 3N system, the TNF is detemined. Fig. 24
(Right) shows results for the scalar/isoscalar TNF, where the r-independent shift by energies is not
included, and thus about O(10) MeV systematic error is understood. There are various physical im-
plications in Fig. 24 (Right). At the long distance region of r, the TNF is small as is expected. At
the short distance region, the indication of the repulsive TNF is observed. Recalling that the repulsive
short-range TNF is phenomenologically required to explain the saturation density of nuclear matter,
etc., this is very encouraging result. Of course, further study is necessary to confirm this result, e.g., the
study of the ground state saturation, the evaluation of the constant shift by energies, the examination
of the discretization error.

8.2 Meson-baryon interactions

The potential method can be naturally extended to the meson-baryon systems and the meson-meson
systems. In this subsection, two applications of the potential method to the meson-baryon system are
discussed.

The first application is the study of the KN interaction in the I(JP ) = 0(1/2−) and 1(1/2−)
channels in the potential method. These channels may be relevant for the possible exotic state Θ+,
whose existence is still controversial.

The KN potentials in isospin I = 0 and I = 1 channels have been calculated in 2 + 1 full
QCD simulations, employing 700 gauge configurations on a 163 × 32 lattice at a = 0.121(1) fm and
(mπ,mK ,mN) = (871(1), 912(2), 1796(7)) in unit of MeV[60].

Fig. 25 shows the NBS wave functions of the KN scatterings in the I = 0 (left) and I = 1 (right)
channels. The large r behavior of the NBS wave functions in both channels do not show a sign of bound
state, though more detailed analysis is needed with larger volumes for a definite conclusion. On the
other hand, the small r behavior of the NBS wave functions suggests the repulsive interaction at short
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plotted against the distance r = |r12/2| in the linear setup. Taken from Ref. [58].

the TNF can be extracted unambiguously in this channel, without the information of parity-odd 2N
potentials.

Same gauge configurations used for the effective 2N potential study are employed in the numerical
simulations. Fig. 24(Left) gives each wave function of ϕS = 1√

2
(−ψ1S0 +ψ3S1), ϕM ≡ 1√

2
(+ψ1S0 +ψ3S1),

ψ3D1 as a function of r = |r12/2| in the triton channel at t − t0 = 8. Among three ϕS dominates the
wave function, since ϕS contains the component for which all three nucleons are in S-wave.
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(Right) shows results for the scalar/isoscalar TNF, where the r-independent shift by energies is not
included, and thus about O(10) MeV systematic error is understood. There are various physical im-
plications in Fig. 24 (Right). At the long distance region of r, the TNF is small as is expected. At
the short distance region, the indication of the repulsive TNF is observed. Recalling that the repulsive
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systems. In this subsection, two applications of the potential method to the meson-baryon system are
discussed.

The first application is the study of the KN interaction in the I(JP ) = 0(1/2−) and 1(1/2−)
channels in the potential method. These channels may be relevant for the possible exotic state Θ+,
whose existence is still controversial.

The KN potentials in isospin I = 0 and I = 1 channels have been calculated in 2 + 1 full
QCD simulations, employing 700 gauge configurations on a 163 × 32 lattice at a = 0.121(1) fm and
(mπ,mK ,mN) = (871(1), 912(2), 1796(7)) in unit of MeV[60].

Fig. 25 shows the NBS wave functions of the KN scatterings in the I = 0 (left) and I = 1 (right)
channels. The large r behavior of the NBS wave functions in both channels do not show a sign of bound
state, though more detailed analysis is needed with larger volumes for a definite conclusion. On the
other hand, the small r behavior of the NBS wave functions suggests the repulsive interaction at short
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potentials.

Same gauge configurations used for the effective 2N potential study are employed in the numerical
simulations. Fig. 24(Left) gives each wave function of ϕS = 1√
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ψ3D1 as a function of r = |r12/2| in the triton channel at t − t0 = 8. Among three ϕS dominates the
wave function, since ϕS contains the component for which all three nucleons are in S-wave.

By subtracting the V2N from the total potentials in the 3N system, the TNF is detemined. Fig. 24
(Right) shows results for the scalar/isoscalar TNF, where the r-independent shift by energies is not
included, and thus about O(10) MeV systematic error is understood. There are various physical im-
plications in Fig. 24 (Right). At the long distance region of r, the TNF is small as is expected. At
the short distance region, the indication of the repulsive TNF is observed. Recalling that the repulsive
short-range TNF is phenomenologically required to explain the saturation density of nuclear matter,
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the TNF can be extracted unambiguously in this channel, without the information of parity-odd 2N
potentials.

Same gauge configurations used for the effective 2N potential study are employed in the numerical
simulations. Fig. 24(Left) gives each wave function of ϕS = 1√

2
(−ψ1S0 +ψ3S1), ϕM ≡ 1√

2
(+ψ1S0 +ψ3S1),

ψ3D1 as a function of r = |r12/2| in the triton channel at t − t0 = 8. Among three ϕS dominates the
wave function, since ϕS contains the component for which all three nucleons are in S-wave.

By subtracting the V2N from the total potentials in the 3N system, the TNF is detemined. Fig. 24
(Right) shows results for the scalar/isoscalar TNF, where the r-independent shift by energies is not
included, and thus about O(10) MeV systematic error is understood. There are various physical im-
plications in Fig. 24 (Right). At the long distance region of r, the TNF is small as is expected. At
the short distance region, the indication of the repulsive TNF is observed. Recalling that the repulsive
short-range TNF is phenomenologically required to explain the saturation density of nuclear matter,
etc., this is very encouraging result. Of course, further study is necessary to confirm this result, e.g., the
study of the ground state saturation, the evaluation of the constant shift by energies, the examination
of the discretization error.
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systems. In this subsection, two applications of the potential method to the meson-baryon system are
discussed.

The first application is the study of the KN interaction in the I(JP ) = 0(1/2−) and 1(1/2−)
channels in the potential method. These channels may be relevant for the possible exotic state Θ+,
whose existence is still controversial.

The KN potentials in isospin I = 0 and I = 1 channels have been calculated in 2 + 1 full
QCD simulations, employing 700 gauge configurations on a 163 × 32 lattice at a = 0.121(1) fm and
(mπ,mK ,mN) = (871(1), 912(2), 1796(7)) in unit of MeV[60].

Fig. 25 shows the NBS wave functions of the KN scatterings in the I = 0 (left) and I = 1 (right)
channels. The large r behavior of the NBS wave functions in both channels do not show a sign of bound
state, though more detailed analysis is needed with larger volumes for a definite conclusion. On the
other hand, the small r behavior of the NBS wave functions suggests the repulsive interaction at short
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further study is needed to confirm this result.
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